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Abstract

This paper presents an experimentally validated electromechanical model of cylindrical actuators made of dielectric elastomers with
compliant electrodes. Modelling was based on independent electrical and mechanical analyses of the specific configuration of the device. The
expressions of the electrostatic pressures exerted by the electrodes in response to an applied voltage were formulated and inserted into the
expressions of the actuator mechanical deformations, obtained by assuming linearly elastic stress—strain constitutive equations of the material
for small strains. Values of axial strains expected from the model well fit those recorded from a realised actuator, electrically stimulated by
step-wise high voltages. This actuator has carbon grease electrodes smeared on a cylinder-shaped silicone elastomer, showing a room-
temperature-relative dielectric constant of 3 within a wide frequency range (10—10° Hz). An axial strain of 4.5% due to a voltage per unit

wall thickness of 100 V/um was measured at a 5% axial prestrain, around which the material held a Young’s modulus of 5 MPa.

© 2004 Elsevier B.V. All rights reserved.
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1. Introduction

The actuating performances of elastomeric dielectric
materials, used as electromechanical polymer transducers,
have been assessed and continuously improved during the
last few years, so that devices made of dielectric elastomers
represent today one of the best technologies for polymer
actuation [1-6].

Besides improving material properties and device con-
figuration, modelling is a useful step for the development of
a new actuator, enabling its rational and reliable engineering
design. On this regard, this study proposes an electrome-
chanical model and presents experimental results
concerning the active deformations of a dielectric elastomer
actuator having a cylindrical configuration.

This kind of device was proposed for the first time by
Pelrine et al. [1], who called it fube actuator. It consists of a
thin-walled cylindrical tube of a dielectric elastomer, having
two compliant electrodes on the internal and external lateral
surfaces (Fig. la). By applying a voltage between the
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compliant electrodes, the interposed tube wall is squeezed,
causing an axial elongation (Fig. 1b).

Following the electromechanical testing of a silicone-
made cylindrical actuator, an experimental validation of the
proposed electromechanical model is presented in this paper:
the active axial strains of the tested device, measured for
different applied voltages, are compared to the corresponding
values expected from the developed model.

2. Materials and methods
2.1. Electromechanical modelling: general principles

The electromechanical modelling, aimed at the determi-
nation of analytical relations between the applied voltage
and the resulting active strains, was based on the following
simplifying assumption: the electrostatic pressures exerted
by the electrodes are considered to be constant during
actuation. This permits to write such pressures in terms of
the geometrical dimensions held by the device only at the
beginning of actuation. The related degree of approximation
of modelling results was accepted in consideration of the
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Fig. 1. Perspective view of a dielectric elastomer cylindrical (tube) actuator
on its rest (a) and electrically activated (b) conditions.

relatively limited strain range within which the model was
evaluated (Section 3.4).

Following this assumption, the electromechanical mod-
el was derived by performing two kinds of independent
theoretical analyses, described below, of the actuator
configuration.

A purely electrical analysis enabled the definition of the
expressions of the electrostatic pressures exerted by the
electrically charged electrodes, calculated as the modulus
of the gradient (divided by the two electrode areas) of the
electrostatic energy stored by the actuator. This methodo-
logical approach was the same adopted by Pelrine et al. [1]
to deduce the electrostatic pressure p acting on a dielectric
elastomer planar actuator of thickness d, subjected to a
voltage V:

p:s(gf (1)

where
&= &&) (2)

being ¢, the relative dielectric constant of the elastomer and &,
the dielectric permittivity of vacuum (£,=8.85x 10> F/m).

A purely mechanical analysis, based on assumed linearly
elastic properties of the elastomer for small strains, led to the
relations describing the active stresses and strains, as func-
tions of two generic pressures applied to the internal and
external cylindrical surfaces.

Finally, the combination of the results of the two different
kinds of investigation mentioned above gave the equations
quantifying the electromechanical transduction.

2.2. Actuator realisation

A commercial silicone (poly(dimethylsiloxane)) tubing
(Detakta, Germany, 01502 type), having a rest external
radius of 1 mm and a rest wall thickness of 0.2 mm, was
used to realise a cylindrical actuator, in order to validate the

model. Fifty-millimeter-long samples were cut from the
tubing and carbon conductive grease (Tecnolube Seal,
USA, Nyogel 755G) was smeared on the internal and
external surfaces, so that to realise the compliant electrodes.
The electrode length was made smaller than that of the
entire device (Fig. 1), so that to avoid the risk of short circuit
between the electrodes.

2.3. Material characterisation

The Young’s modulus and relative dielectric constant of
the silicone elastomer represent input parameters of the
model, describing the material in use, as it will be shown
by the equations presented in Sections 3.1 and 3.2. In order
to measure these quantities, mechanical and dielectric char-
acterisation of the used silicone was performed.

In particular, the passive stress—strain characteristic
resulting from a test of uniaxial extension was determined,
by applying increasing forces and by detecting the related
strains, up to a strain of 145%.

Furthermore, the real and imaginary parts of the complex
relative dielectric constant of the unstrained material were
measured in the frequency range 10—10° Hz, by means of a
coaxial cylindrical capacitor cell, connected to a vector
network analyser (Rohde and Schwarz, Germany, ZVRE).
The dielectric parameters of the sample were calculated by
following the procedure reported in Ref. [7].

Both mechanical and dielectric measurements were made
at a room temperature of 25 °C.

2.4. Actuator electromechanical testing

Electrically induced axial strains of the realised actuator
were measured by placing the device in vertical position, with
its lower end constrained and its upper end connected to an
isotonic displacement transducer (Ugo Basile, Italy, 7006)
(Fig. 2). This transducer also exerted a definite axial prestress
on the actuator, corresponding to a 5% axial prestrain. Such a
low prestrain value was chosen to consent a reasonable
comparison between experimental data and modelling
results, owing to the small-strains operative range implied
by the assumed linearly elastic schematisation of the material.

Values of the inner and outer radii of the axially pre-
strained actuator were easily calculated, by using the same
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Fig. 2. Experimental set-up for measurement of isotonic axial strain.
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method followed for planar actuators by Pelrine et al. [1].
This simple procedure, described below, takes advantage of
the property of constancy of volume (elastomer incompres-
sibility), which holds true for most of rubber-like materials
[8], as those considered in this study. Let us indicate with a,,
b, and L, the rest (unstrained) inner radius, outer radius and
electrode length, respectively, of the actuator and with a, b
and L the corresponding prestrained dimensions. The prop-
erty of volume conservation from the unstrained to a pre-
strained state is expressed by the following relation:

n(b* — )L = n(b? — a?)L; (3)

T

This equation can be written also in terms of the percentage
variation of each geometrical dimension from the unstrained
to the prestrained value, with respect to the unstrained one:

b—b\* —a\? L—L,
[b?<l+b—> —a3(1+aa—“> ]Lr<1+ - )

= (b? — @)L,

T

(4)
where (L—L,)/L,=5%. Furthermore, the percentage variation
of the inner and outer radii can be assumed as equal, by
symmetry, since prestress is applied along the axial direction
only:

b—b  a—a

= (5)

by Ay

Consequently, Eq. (4) becomes:

(1 +b;rbr>2<1 +LZFL‘> =1 (6)

which admits this solution:

b b, |
S S 7
b, + I-L ™)

Egs. (5) and (7) enable the calculation of the prestrained radii,
resulting from the imposed 5% axial prestrain: ¢=0.781 mm
(a=0.8 mm), »#=0.976 mm (b,=1 mm), corresponding to a
wall thickness of 5—a=0.195 mm.

In this prestrained condition, step-wise voltages of dif-
ferent value, generated by a DC high-voltage supply (Ber-
tan, USA, HV-DC 205A-30P), were separately applied to
the actuator and 10-s duration signals of occurring isotonic
axial displacement were successively recorded for each
voltage value.

3. Results
3.1. Electrical modelling

The goal of the electrical modelling of the actuator is the
derivation of the expressions of the electrostatic pressures

exerted by the complaint electrodes, when a voltage is
applied between them.

Before the application of the two radial pressures, the
actuator is assumed at mechanical equilibrium. In this
condition, a resulting generic inner radius a, outer radius b
and electrode length L are considered, regardless of the
actual value of the axial prestress (which could also be null,
at worst, for the aim of the present section), balanced by the
related material recovery stress.

The elastomeric actuator with hollow cylindrical shape
can be electrically modelled as a compliant cylindrical
capacitor, geometrically defined by the extension of the
device electrodes and having electrical capacitance

c— 2mel (8)

+(2)

The elastomer is here supposed as isotropic and its
dielectric constant is assumed not to vary with the stress
or strain state of the material, nor with the applied electric
field.

The electrostatic pressures p, and p,, exerted by the
internal and external electrodes, respectively, in response to
an applied voltage V' (Fig. 3), are expressed by the modulus
F of the electrostatic force acting between the electrodes,
divided by their area. F' can be obtained as the modulus of
the gradient of the electrostatic energy U stored by the
actuator, leading to the following expressions:

F |VU|
Pa = 2nal. 2mal (9)
F |VU|
= = l
P = 5abl ~ 2mbL (10)
where
1 LV?
U=Lepr = LV (11)

Since the compliance of the actuator, U is a function of
the three geometrical variables a, b and L, for each definite

Fig. 3. Actuator top view.
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value of the applied voltage (assumed constant during
actuation). Consequently, the derivation of |VU| would
require, in principle, this calculation:

aU\* [aU\* [oU\’

Ul = — — — 12
S R R I
However, the material incompressibility gives a further
relation among the three variables, allowing to express
|VU| as a function of only two of them, as we describe

below.
Let us consider the differential of U:

and the partial derivatives

oU el V?
da b (14)
aln? (—)
a
oUu el V?
b L [B) (13)
bln? ()
a
9 2
U _ mel” (16)

oL (b)
In{ —
a

The property of constancy of volume (Vol=k=constant) can
be translated in this condition:

d(Vol) = 0=d(n(b* — a*)L) = 0 (17)
which leads to this relation among da, db and dL:

2L(ada — bdb)

2 _ 2
Through the combination of Egs. (13)—(16) with Eq. (18),
dU can be written as a function of da and db only:

L = (18)

oU oU
dU = — da + — db (19)
0a |yol—k b |yor—k
where
b
22 210 [ 2
SU  mal? (b a”+2a ln(a)> 0
9a - b 2 _ 2
da 2 (_) a(b> — a?)
Vol=k a
b* —a® +2bn é
U _ melV? a 21)
ob - n2 (é) b(b* — a?)
Vol=k a

This means that | VU| can be calculated as:

AU 2 U 2
o= (Y@ ) e
94 |yo1—k b |yor=s

Finally, Egs. (9) and (10) combined with Egs. (20)—(22)
give Eqgs. (23) and (24), representing the expressions of the
pressures p, and p,,.

er?
Pa = 7 .
2In’ <—> a’b(b? — a?)
a

x \/a" + b — a?b* — b2a* + 8In <é> (b? — a?)a?b? + 4In? (é> (% + a*)a?b?
a a
(23)

el?
Pr = b—
2In? (-) ab?(b* — a?)
a

X \/a" + b0 — a?b* — b2a* + 8In (é> (b? — a?)a2b* + 4In? (é> (b? + a?)a?b?
a a
(24)

3.2. Mechanical modelling

In order to derive the relations expressing the stresses and
strains produced by two generic pressures p, and p,, (regard-
less of the origin of such pressures), exerted on the portions of
the internal and external cylindrical surfaces corresponding to
the electrode extensions, a mechanical analysis of the device
was carried out, modelling the elastomer, for small strains, as
a linearly elastic, isotropic and homogeneous body.

Consistently to Section 3.1, the actuator not yet stressed
by the radial pressures is assumed to hold an equilibrium
state, characterised by a resulting generic inner radius a,
outer radius b and electrode length L.

The pressure-induced strains of the actuator can be
obtained after the identification of the related displacements.
This can be done by using the Navier’s equations for
displacements [9]. For time-invariant displacements (static
condition) and in the absence of body forces per unit mass
(such as gravity), the Navier’s equations in cylindrical
coordinates r, 0, z are [9]:

L LR K A P, 1
) — = —(ru,) +— —= -
H r or " r 00 z K arr r

19 /10 1 duy  du 92up
P )= (= () + = c
( +'u)r 90 <r ar(er 20 + ‘()z>+'u( or?
1 auO 1 azuo 82u0 up 2 Bur
S Ce, 20t M, 2 -0 (26
+r ar 2 9p? 0z2 ,,2+,,2 20 (26)

o (10 1 duy o,
) — (= L) + = 220
( +”)az(r o V) gt 82>

Pu. 1 du. 1 %u. 0w
+u( +-—+ + )=0 (27)

a2 o oor 2 9R 022
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where u,, ug, u. are the displacements along the r, 0 and z
directions, respectively, while A and p are the Lame’s
constants, defined as:

vY

ST a
e >

where Yis the Young’s modulus and v is the Poisson’s ratio
of the material.

Egs. (25)—(27) can be simplified by reasonably assuming
that the actuator does not move in the 0 direction and the
radial and axial displacements depend only on the related
coordinates r and z, respectively:

uyp = 0 (30)
ur = u(r) (31)
u, = u(z) (32)

With these assumptions, Eq. (26) is identically null,
while Egs. (25) and (27) become:

g (l 4 (m,,>> o (33)
2u
(;ZZZ =0 (34)

Egs. (33) and (34) admit these general solutions:
1

-
U =5+ (35)
du,

dL; = ¢ (36)

where ¢y, ¢, and c; are arbitrary constants.
In cylindrical coordinates, the relations between strains
(S,,, Spo and S..) and displacements are [10]:

_ du,

r 3

Sw="4, (37)
u, 1 duy

Sop = 7 + ; E (38)
du,

S.. = 39
dz (39)

Stresses (7,,, Typ and T..) and strains are related by means
of the material constitutive equations, here represented by
the Hooke’s law, which can be written in terms of the
Lameé’s constants as follows:

Trr = X(Srr + S@(J + Szz) + Z,USrr (40)
T()@ = )L(Syr + SH() + Szz) + 2/1S99 (41)
T.. = ASy + Spo + S=z) + 2uS-. (42)

By combining Egs. (35)—(42), the expressions of the
stresses become:

C
T, = (it wer — 21+ e (43)
c )
Too = (i"‘r,u)cl —I—ZMF—;—I—M,@ (44)
T.. =Jc1 + (A4 2p)cs (45)

Suitable values of the arbitrary constants ¢, ¢, and c¢;
can be obtained by imposing the following boundary
conditions for the stresses (tensile stresses are assumed
positive):

T, | r=a — Pa (46)
Tl b = —pb (47)
T.=0 (48)

The stress along z is here assumed zero (Eq. (48)), in
order to deduce the expressions of the active strains only,
i.e., due to the pressures p, and p, only.

The conditions above originate these equations:

X c

(A+ wer — 2,ua—i + A3 = —pa (49)
s 2

(A4 wer =275+ 2es = —py (50)

Acy +(i+2,u)03 =0 (51)

The solution of this system of equations for the unknown ¢y,
¢, and ¢5 gives:

2421 ppb* — p.d®

“l 3ul+2u2 a2 —b? (52)
'z *pa)azbz
Cy = —2,11(612 — bz) (53)
1 b2 — Da 2
ey = ~ Pb Pad (54)

34212 @ — b2

The substitution of Egs. (52)—(54) into Egs. (43)—(45)

provides the expressions of the stresses:

7 PP —pa@  (pp—pa)a’b? 1

2 — 2 2 _p 2

T — pob* — paa® | (pp — pa)a*b® 1 (56)
0W="g2 _p @—bh 2

T..=0 (57)
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By using the following Hooke’s equations, written in
terms of Yand v,

1

Srr = 7 [Trr - V(T(')H + Tzz)] (58)
1

Soo =+ [Too — V(T + T2)] (59)
1

Szz - ? [Tzz - V(Trr + THG)} (60)

the expressions of the strains are easily obtained:

2 2 252
e =
(61)
2 2 272
(62)
2v (ppb* — paa*)
Sz = TR a (63)

Egs. (61)—(63) enable the derivation of three quantities of
interest for the description of the actuator performances: the
engineering strains of the working length (axial strain) and of
the inner and outer radii (radial strains), defined as the
percentage variation of the quantity of interest. They can
be respectively calculated as:

AL 1 [F 2v (ppb® — paa?)
_— = = 4
L L/O See=3 "2 (64)
Aa 1 [* 1
= _ o= ———
a 2 ) Soo(a) Y(b* — a?)
X [pa((1 = v)a® + (1 +v)b*) — 2pyb?] (65)
Ab 1 [7" 1
| Sph)dl=—
b 21 () Y02 — a2)
X [—pp((1 — v)b2 +(1+ v)aZ) + 2paa2] (66)

Finally, the property of constancy of volume of the
elastomer implies a value of v=1/2 for its Poisson’s ratio,
which gives:

& _ pbb2 —Paa2

L Y(b*—a?) (67)
Aa 1 a* + 3b? s

= _ » )

s {p o } (68)

+ Zpaaz} (69)

The substitution of Eqs. (23) and (24) into the
previous equations provides the relations of the model
describing the electromechanical transduction operated by
the actuator.

3.3. Material characterisation

A plot of the engineering stress (force per unit un-
strained cross-section) versus the engineering strain (per-
centage variation of the sample length), resulting from a
test of passive uniaxial extension of the experimented
silicone elastomer, is shown in Fig. 4. It presents the
typical non-linear trend common to rubber-like materials
[I1]. However, in the region of small strains (separately
emphasised in the same figure), the variation of the slope
of the characteristic is remarkably less pronounced and the
approximation of the material as a linearly elastic body,
assumed in the model presented above, applies. The value
of the Young’s modulus around a 5% passive strain, used
as prestrain in the active tests (Section 2.4), was calculated
as the derivative of the curve in this point and resulted Y=5
MPa.

The experimental set-up used to perform the dielec-
tric characterisation of the material (Section 2.3) per-
mitted the measurement of the real and imaginary parts
of its effective complex relative dielectric constant & .¢r,
defined as:

Odc

ol ol ol N

S;k,cff = Er_eff — Jéreff = & —] <3r + 0 > (70)
0

where j=—1,  is the working angular frequency, &,
and ¢ are the real and imaginary parts of the actual
relative permittivity e&f

ek =¢l —je! (71)

which quantifies the material polarisation response, while
04 1s the electrical dc conductivity, which takes into account
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Fig. 4. Engineering stress—strain passive characteristic of the tested
silicone elastomer. The first part of the plot is reported also in the
included frame.
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the contribution coming from free charge carriers. Recorded
values of ¢ . and & ¢ are reported in Fig. 5.

The real part ¢/ of the complex constant corresponds to
the relative dielectric constant ¢, representing one of the
input parameters for the proposed electromechanical model.
The presented flat dielectric spectrum within the wide
frequency range reveals a value of ¢=3.

As an observation, the constancy of the real part of the
permittivity and the substantially null value of its imaginary
part indicate that the elastomer behaves like a perfect
electrical insulator in the experimented frequency range,
owing to the absence of dissipative effects related to both
polarisation or charge carrier migration.

3.4. Experimental validation of the model

Fig. 6 presents measured and predicted values of the
axial strain of the silicone-made actuator for different
applied voltages per unit wall thickness.

Voltage per unit thickness cannot be regarded here as an
electric field, even though it has the same dimensions,
since for a cylindrical capacitor, the electric field between
the electrodes varies radially as the inverse of the radial
coordinate.

The theoretical curve, derived from the proposed model,
fits well the experimental data plot. This curve was obtained
from the combination of Egs. (23), (24), and (67), and it has
this quadratic expression:

ALLﬁ<bKa>2 (72)

where the coefficient f3, calculated from the reported values
of a, b, Y and ¢ (Sections 2.4 and 3.3), resulted
B=3.75x10"° pm?/V?.

As an observation, we stress that the applied high voltages,
required by the relatively high wall thickness of the tube and
withstood by the silicone high dielectric strength, did not
cause dielectric breakdown of the material. In fact, the
increase of the driving voltage was operated only up to the

5 RELRLLL B LA B B L LU ALLL R B

Unstrained silicone elastomer
44 Temperature: 25 °C i

Real part

Imaginary part
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Fig. 5. Frequency dependence of the real and imaginary parts of the
effective relative permittivity of the tested silicone elastomer.
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Fig. 6. Experimental and theoretical axial strain versus applied voltage per
unit wall thickness for a realised actuator.

limiting value imposed by the dielectric breakdown of the air
surrounding the electrodes outside the polymer. Consequent-
ly, it can be deduced that the material could show strains
potentially higher than the maximum value actually recorded
in this study. However, the experimental testing of the device
was here aimed only at a validation of the proposed model
and the explored operative range (0—100 V/um) was consid-
ered sufficient for such a purpose.

4. Conclusions

An electromechanical model of a dielectric elastomer
cylindrical actuator was formulated by means of indepen-
dent electrical and mechanical analyses of the device
configuration.

The proposed model permitted to analytically describe
and accurately predict the functioning of a low-pre-
strained silicone-made actuator having carbon grease
electrodes, as demonstrated by the good agreement be-
tween expected and measured axial strains within the
tested voltage range.

Application-oriented design of cylindrical actuators made
of dielectric elastomers would benefit from future exten-
sions of the proposed electromechanical model to high-
prestrain ranges, where material non-linearities have to be
taken into account to fully describe the actuating capabilities
of these devices.
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